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Chaotic States in a Random World:
Relationship between the Nonlinear Differential
Equations of Excitability and the Stochastic
Properties of Ion Channels

Louis J. DeFelice! and Aurora Isaac!

Excitable membranes allow cells to generate and propagate electrical signals. In
the nervous system these signals transmit information, in muscle they trigger
contraction, and in heart they regulate spontaneous beating. A central question
in excitability theory concerns the relationship between the aggregate properties
of membranes (marcoscopic) and the properties of channels in the membranes
(mircoscopic). Hodgkin and Huxley (1952) laid the foundations of membrane
excitability, and Neher and Sakmann (1976) developed techniques to study
individual channels. This article focuses on the relationship between the
macroscopic domain, in which non-linear differential equations determine the
electrical properties of cells, and the microscopic domain, in which the
probabilistic nature of channels establishes the pattern of activity. Using nerve
cell membranes as an example, we examine how information in one domain
predicts behavior in the other. We conclude that the probabilistic nature of
channels generates virtually all macroscopic electrical properties, including
resting potentials, action potentials, spontaneous firing, and chaos.

KEY WORDS: probabilistic ion channels; resting potential; action potential;
spontaneous firing; chaos.

1. INTRODUCTION

Hodgkin and Huxley represented the excitable membrane in nerve as a set
of continuous, parallel pathways for the passage of ionic and capacitive
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currents. According to this view, the transmembrane voltage V' obeys the
equation

dv

1
P _Z,[gNa(V_ENa)+gK(V'—EK)+gL(V_EL)] (1)

In the squid axon, the membrane capacitance C equals 1 yF/cm?, the
reversal potentials for the Na and K pathways are Ey,=55mV and
Ex = —72mV, and the reversal potential for the nonspecific leak pathway
is Ey = —50mV. The net current through these separate conductances is
zero at —60 mV, the resting potential of the nerve. Na and K conductances
are controlled by continuous variables (m and /# for Na and n for K)
that range between 0 and 1 and obey first-order differential equations
with voltage-dependent rate constants (o,,, B, %5 Bn> & Br). The K con-
ductance is equal to the maximum conductance gy times n*; the Na
conductance equals the maximum conductance gy, times m’h, and the
maximum conductance equals the total number of channels times the open
channel conductance. All o’s and f’s depend on V. Thus

5 4
8x = 8k dn
B N @)
K~ /K+YK>»
_ dm
gNangam3h: E[_=am(1~m)~ﬁmm

(3)
_ dh
gNa=yNaNNa’ Z:‘ah(l_h)—ﬁhh

This set of coupled equations is referred to as the Hodgkin and Huxley
equations. We use the term “HH model” to mean any set of equations that
have this general structure, though the parameters, the powers of the
variables, and the kinds of currents that are present may differ. Such solu-
tions of these equations describe macroscopic excitability, i.e., membranes
that generate and propagate action potentials.

Ehrenstein et al.'® bridged the gap between macroscopic and micro-
scopic excitability. They showed that the graded conductance in excitable
membranes results from the voltage dependence of random openings of ion
channels. Conti et al.””) were able to infer the densities and conductances of
individual Na and K channels from noise measurements in nerve axons.
Their analysis assumed probabilistic channel kinetics based on an inter-
pretation of the HH equations by Hill and Chen®® and Stevens.®® Using
the patch-clamp technique, researchers were able to isolate single Na and
K channels and directly measure their microscopic behavior.®2%3%) The
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relationship of Na and K channels to membrane noise and to macroscopic
and microscopic excitability is developed in detail by DeFelice,'” Clay
and DeFelice, DeFelice and Clay,!? and Hille.**

From this sequence of investigation, the following picture emerged.
Ton channels fluctuate among many conformational states. The origin of
this fluctuation is thermal motion. Patch-clamp recordings show discrete
currents of random duration separated by random intervals. Channels,
therefore, are functionally bistable; they are either open, allowing specific
ions to cross the membrane, or they are closed. Usually, there is only one
open state, but often there is more than one closed state. The transitions
are assumed to conform to a Markov process: each channel fluctuates
between discrete states, and the transition probabilities depend on the
momentary status of the channel, not on its history. Rate constants vary
with voltage. Open-state and closed-state histograms of channel activity at
a constant voltage are monotonically decreasing functions of time. They
indicate the number of conformational states that are open or closed, but
the mechanism of voltage sensitivity is unknown. The Na and K channels
conform to the following kinetic schemes. For the K channel, [n4] represents
the open state. For the Na channel, m3A1 represents the open state,**!)

3oty

[n0] === [n1] === [n2] [#3] (4] (4

2y, ay
Bﬁﬂ 4ﬂ'l

[mOh1] === [m1h1] e [m2h1 ] == [m3h1]

%Hﬁh %HA m ahuﬂh ’"ahnﬁh 5

[m0A0] === [m1h0] === [m2h0] === [m3h0]

The probabilistic interpretation of HH models, which we refer to as CH
models, is a composite view based on many authors. Many reviews
appeared during the initial years. These give a complete picture of the
development of the subject. (%69-10:17.18,31-33.38)

2. METHODS

Membrane voltage traces shown in this paper were generated by the
Macrochan 10.4 (MCHAN) computer program.”® This program calcul-
ates V in two ways. It uses the HH class of models, which are differential
equation models based on whole-cell properties. It also uses CH models,
which simulate the random opening and closing of individual channels
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under conditions of changing voltage. Each type of model, HH and CH,
simulates channels with specified states and experimentally determined,
voltage-dependent rate constants. In the HH modeis, each set of each type
of channel shifts continuously and monotounically from state to state. In the
CH model, each individual channel walks randomly among the accessible
states, and voltage-dependent rate constants determine the probabilities.

To get from V(¢) to V(¢ + 4¢) with HH models, the voltage-dependent
rate constants are determined, and the currents are evaluated from the
equations

Ix = gx(V — Ex) (6)
Ine= gna(V — Exa) (7)

These currents are then used to determine V(¢ + A4¢) with the equation
Vit +At)=V(t) — (Lum + Ina + Ix) 41/C (8)

To get from V(¢) to V(¢ + 4t) with the CH model, the probabilities p,; that
each channel will change from its present state i to any accessible state j
(including its present state) are determined from the voltage-dependent rate
constants and arrayed contiguously along the line segment from O to 1. The
value of a random number between 0 and 1 falls within the range of one
p; along this line segment, thus selecting state j for the next time interval.
V(t + A4t) is determined by summing the resulting currents for each channel
-type and evaluating Eg. (8). In repeated runs, from a given V{(r), the HH
models will always produce the same value for V(z+ 4¢), but the CH
model produces different values for V(¢ + A4¢) that vary randomly.

Two channel types, Na and K, were used to generate the figures in this
paper. The individual channel properties, specified in Table I, were not
varied. In the HH models, single-channel conductance and total channel
number are related to the membrane conductance through Eqs. (2) and (3).
The membrane capacitance of 1 uF/cm? was held constant. No leak current
was used in these simulations. Parameters that varied were (a) the absolute
number of each channel type and (b) the size of the membrane. Changing
these parameters allowed variation in the density of channels and the ratio
of Na to K channels. The absolute number of channels of each type was
altered by varying Ny and Ny, in Egs. (2) and (3). The membrane area
was altered by varying C in Eq. (8) in both models. ' was calculated at
S-usec intervals and plotted at 0.2-msec intervals. Except for the initializa-
tion demonstrated in Fig. 3, all figures were generated in free-run mode and
were offset from the beginning of the run to eliminate transients.

The interbeat intervals (IBIs) were calculated from MCHAN output
with a program used to determine the time interval between an arbitrarily
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Table I. lon Channel Parameters®
Na K
Ey,=55mV Ex = -72mV
YNa =06 DS Yk =4Dps
—0.1(V + 35) . —0.01(V + 50)

“m:e—(wssmo_l TR0 |

ﬁm=4ev(V+60)/18 ﬂﬂ:0.12567(V+60)/80
a4, = 0.07e~(V+ 60)/20

1
Ba :e-(V+30)/10+ 1

2 The rate constants are in units of msec ™!, and ¥ is in mV.

selected, identifiable feature of each successive pulse. The point at which the
increasing voltage crossed —20mV was chosen because all oscillating
traces crossed this voltage with a sharp upward slope. In the IBI plots, the
first 5 intervals were excluded to eliminate transients. From runs of
500 msec, IBI plots typically included 40-60 intervals. The IBI plots are
return maps, where each point represents a pulse interval i plotted on the
x axis against the interval i+ 1 plotted on the y axis.

MCHAN was written by Bill Goolsby and Lou DeFelice for IBM-
compatible machines running DOS 3.0 or later with 640K RAM, a match
coprocessor, and Hercules CGA, VGA, EGA, or compatible color
graphics. MCHAN outputs an ASCII format that can be imported into
other programs for further processing. MCHAN is available on request.

3. RESULTS

The relative number of each type of channel in the membrane deter-
mines the resting potential of an unstimulated membrane. In Fig. 1, as
the absolute number of channels and their density is varied, the ratio
of channels is held at Na:K:10:1. The HH model, in this particular
simulation, produces a rest potential of —32.2mV in each case. This is a
constant in the HH model, but an average for the CH model. For small
numbers of channels, as in Fig. 1a, the variation in ¥ is much greater than
that for larger numbers of channels, as in Figs. 1b and lc. An increase in
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Fig. 1. The difference in noise due to varying absolute and relative numbers of channels.
These traces were generated in free-run mode with no stimulus current. The thin line
represents V generated by the CH model, and the heavy dark line represents V generated by
the HH model. In each trace, ¢ =0 is offset 25 msec from the beginning of the run to eliminate
transients. All traces wete generated for a Na:K chaunel ratio of 10:1. Ny,, Nk, and C were
varied such that (a) was generated for 300 Na and 30 K channels in 1 ym? of membrane area,
(b) was generated for five times the absolute number of channels as (a) in 5times the
membrane area, thus maintaining the same density of channels, and (c) was generated for the
same membrane area as (a), but 5 times the density of channels.

membrane area, modeled by an increase in capacitance, smooths the trace
and decreases the variance, as seen in Figs. Ib and 1c.

Perturbation of the steady-state dynamics by an applied current
stimulus produces unpredictable variations in the CH model. Figure 2a
shows the constant, steady-state V" with no stimulus applied. In response to
an applied sinusoidal stimulus of the form Bsin(2nf), the HH model
oscillates in a repetitious, nonsinusoidal pattern at the same frequency f, as
shown in Fig. 2b. If the perturbation is large enough, the voltage contains
nonlinear components."”) The CH model shows this same oscillation
with its accompanying noise, but also produces some irregular spikes. If
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Fig. 2. The effect of applying a current stimulus to the membrane. All traces were generated
for 1500 Na channels and 150 K channels in 5 um? of membrane area. In each trace, the light
lines represent ¥ generated by the CH model, while the heavy dark lines represent V
generated by the HH model. In (c) the HH model was only plotted for t=0 to =80 so
the CH trace can be visualized. In each trace 1=0 is offset from the beginning of the run
to eliminate transients. (a) Generated with no stimulus current, identical to Fig. 1b.
(b) Generated with an applied stimulus of [3 sin(2z x 100 Hz x £) ] pA. (c) Generated with an
applied stimulus of [ —4 + 3 sin(2z x 100 Hz x #)] pA. The fundamental output V frequency in
(b) and (c) is the same as the applied stimulus frequency.

constant current is applied to the membrane such that the steady-state ¥ is
sufficiently hyperpolarized, the membrane beats spontaneously. In Fig,. 2c,
the applied stimulus is of the form A+ Bsin(2xft). In this case, 4 was
insufficient to induce spontaneous beating, but the added amplitude B of
the sinusoid induced a beat pattern. Although the HH model is extremely
consistent from pulse to puilse, the CH model shows irregularities,
including an occasional skipped beat.

Reducing the ratio of Na to K channels converts a quiescent
membrane into a beating membrane. This is demonstrated in Fig. 3. To
portray explicitly the dependence of short-term, transient and long-term,
steady-state dynamic patterns on initial conditions, these runs were voltage
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clamped at V=0 for 10 msec, then allowed to free run at +=0. All other
data were produced in free-run mode with V initialized to 0. Since we are
primarily interested in steady-state dynamics, and not in the transient
dynamics of initialization, all other figures were generated with an offset to
eliminate transients. The arrow in Fig. 3a shows the minimum offset. For
the channel ratio Na:K::10:1, the initialization transients damp quickly.
Upon increasing the number of K channels to achieve a Na:K ratio of 5:1,
as shown in Fig. 3b, the membrane approaches spontaneous oscillation.
The HH model damps slowly to a constant V, but the CH model shows
large, irregular, recurrent oscillations. As the ratio Na:K is further
decreased to 3:1, as in Fig. 3c, the membrane beats spontaneously and

Na: 1500
() K: 150

2

5 um

Na: 1500
®) K. 300

Na: 1500
(c) K: 500

0

100

ms

Fig. 3. The effects of initialized variables and parameters on the dynamics of ¥. Each trace
was generated by voltage clamping at 0 mV for 10 msec, then shifting to free run. Unlike the
other figures in the paper, these traces are shown from the beginning of each run. The arrow
in (a) shows a typical minimum offset for the other figures. No stimulus current was applied
in any trace. The light dotted lines represent ¥ generated by the CH model, while the heavy
dark lines represent V generated by the HH model. In (c), the repetitious HH trace was
partially plotted so the CH trace can be visualized. All traces were generated for 1500 Na
channels in 5 um? of membrane area. (a)Channel ratio of Na:K is 10:1, (b)ratio 5:1,
(c¢) ratio 3:1.
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regularly. The voltage amplitudes generated by the two models are
approximately the same. The voltage irregularities in the CH model reduce
the average frequency, causing the two traces to shift in and out of phase.

Applying oscillating current stimuli of varying frequencies to a beating
membrane produces varying dynamic states with the HH model that seem
to disappear with the CH model. If a constant current stimulus is applied,
the frequency and amplitude of pulses are both increased. and pulse shape
remains constant from beat to beat. When a sinusoidal stimulus of the form
A + Bsin(2nft) is applied and f is varied, the resulting V patterns become
irregular, and pulse shape is not necessarily constant from beat to beat.
Figure 4 shows three typical patterns for the HH model. The time domain
plots of V and the IBI return maps both show very regular patterns. With
a 40-Hz stimulus, V appears to have a repeating, three-beat pattern. From

50

Na: 300 . —
K: 100 w0 1 10 j’ ,l.
It
(a) 1 um® i+l >
-50 1
40 Hz 0 ;%T——*W«‘i =
100
0 ms 100
(b)
75 Hz
(c)
100 Hz

0 ms 100

Fig. 4. The effect of varying the applied stimulus frequency. All traces were generated with
the HH model at 300 Na and 100 K channels in 1 pm?* membrane area. The stimulus applied
was [—1+0.5sin(2nft)] pA, where (a) /=40 Hz, (b) f=75Hz, and (c) f =100 Hz. Each
set was run for 500 msec. The left traces show a sample of the time domain offset 50 msec from
the beginning of the run. The right traces are the IBI return maps plotted in msec. The first
5 intervals were not plotted, to avoid transients.
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the IBI plot, this pattern seems to be drifting toward chaos. The 75-Hz
pattern is irregular and chaotic, whereas the 100-Hz pattern is repetitious
from pulse to pulse. These three solutions are distinct in the HH model.
Figure 5 shows three typical patterns for the CH model, generated under
conditions analogous to those of Fig. 4. The three IBI plots in Fig. 5 do not
reveal any distinguishing characteristics.

As the number of channels is increased, the CH model begins to show
the deterministic patterns of the HH models. Figure 6a shows the HH and
CH models superimposed for a stimulus frequency of 60 Hz. At this
frequency, the HH model shows a repetitious two-pulse pattern resulting
in two distinct points on the IBI return map. The CH model shows
irregularities, with some suggestion of the two-beat pattern in the V' time
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Fig. 5. The effect of varying the applied stimulus frequency. This figure is identical to Fig, 4
in all respects except that it was generated with the CH model instead of the HH model. All
traces were generated with 300 Na and 100 K channels in | um? membrane area. The stimulus
applied was [ —1+ 0.5 sin(2nf)] pA, where (a) f=40 Hz, (b) /=75 Hz, and (c) /=100 Hz.
Each set was run for 500 msec. The left traces show a sample of the time domain offset
50 msec from the beginning of the run. The right traces are the IBI return maps plotted in
msec. The first 5 intervals were not plotted, to avoid transients.
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domain trace, but the IBI plot shows the same random scatter seen in
Fig. 5. Increasing the number, but not the density, of channels causes the
IBI plot to coalesce into two smaller scatters surrounding the two HH
points (Fig. 6b). The same number of channels at higher density (Fig. 6¢)
results in IBIs like the HH patterns seen in Figs. 4a and 4b.

Na: 300
K: 100 = ©
(a)
1 Mmz -50
60 Hz
50
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K:2000 ™ °
(b) o
20 um -50

Na: 6000 10 J .
K: 2000 ] i
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Fig. 6. The convergence of the HH and CH models as the number of channels is increased.
The left trace shows a sample of the time domain of V offset from the beginning of the run.
The light, dotted line represents the CH model, while the heavy dark line represents the HH
model. The repetitious HH model was partially plotted to allow visualization of the CH trace.
The HH model is represented in the IBI return plots by dark squares, while the CH model
is represented by plus signs. In (a) I was generated for 300 Na and 100 K channels in 1 um?
of membrane area. The applied stimulus was [ —1+0.5 sin(2nf7)] pA with /=60Hz In
(b) the number of channels, membrane area, and stimulus amplitude were all multiplied by 20.
In (c)the number of channels and stimulus amplitude were multiplied by 20, but the
membrane area only by 5. Thus, the density is preserved from (a) to (b), but increased by a
factor of 4 in (c).
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4. DISCUSSION

The characteristics of ion channels in the cell membrane determine the
electrical properties of nerve, skeletal muscle, cardiac muscle, and virtually
all excitable tissues. Channels act as selective pores for specific ions such as
Na, K, and Ca. These proteins are embedded in a lipid bilayer that acts
as a parallel capacitor. The essential nature of ion channels is stochastic.
Thermal motion causes them to gate randomly, and transmembrane voltage
biases the gates. The ion gradients that exist across cell membranes amplify
the relatively low thermal energy of the gates into an appreciable signal.
The net result is a voltage-dependent, time-variant kinetics of ion channels,
which, in combination with the membrane capacitance, gives rise to vir-
tually all macroscopic electrical properties. These properties include the cell
resting potential, the generation and propagation of action potentials,
extracellular field potentials, spontancous firing, and intercellular com-
munication. Such phenomena come about in the free-running membrane
because channels open or close. Other channels sense this voltage and
modify their kinetics accordingly. The extent to which channels com-
municate depends on how close they are to one another. It also depends on
the status of the interposed channels, the membrane capacitance, and the
intracellular and extracellular resistivities. In this paper, we have dealt only
with the restricted problem of the space-clamped membrane, in which the
voltage is instantaneous over the channel population.

The interpretation of excitability we have made is consistent with the
two main experimental observations obtained from patch-clamp techniques:
(a) channels flip randomly between two states, one with zero conductance
and the other with constant conductance; (b) the mean intervals between
open and closed states are voltage dependent. Under this interpretation,
assuming only one closed and one open state, the macroscopic rate con-
stants «,(¥) and $,(V) have the following meaning: if a channel is closed,
the probability it will remain closed for a time At is exp[ —a, (V) 4t]; if
a channel is open, the probability it will remain open for a time At is
exp[ —f,(V) 4t], where At is small, and V is constant over As. More
complex schemes have analogous formulas. This formulation is sufficient
to explain the voltage and time dependence of membrane conductance.
Channels may have a single gate or a series of identical gates, like the
K channel in Eq. (4), or they may have different kinds of gates, like the
activating and inactivating gates of the Na channel in Eq. (5). The present
simulations correspond to a strict interpretation of HH kinetics in which
the gates are independent. Other models are amenable to these same
simulation techniques.

The fundamental difference between the HH and CH models is



Stochastic Properties of lon Channels 351

demonstrated in Fig. 1. The HH model treats all channels of a single type
as a single, homogeneous unit modeled by population characteristics. If
only K channels were present, ¥ would remain constant at —72mV. If
only Na channels were present, J would remain constant at 55 mV. When
both are present, the rest potential represents a balance point between
these two extremes that depends on the ratio of Na to K channels. In
Fig. 1, as the absolute number or density of channels changes, V' remains
constant in the HH model as long as the ratio Na:K remains constant. The
CH model includes population properties, but it also includes thermal
properties of individual channels. Thus, the numbers of open K channels
and open Na channels change. This causes the balance point of V to
change and produces “noise.” For small populations of channels (Fig. 1a)
each channel represents a larger fraction of the total than for larger popula-
tions (Figs. Ib and lc). The noise is greater for small populations, but
average V is the same for large and small populations. Hence, it is the same
for both the HH and CH models.

HH dynamics plus noise do not simply equate to CH dynamics. In
Fig. 2, we perturb the constant-voltage dynamics to demonstrate this
feature. The irregular spikes generated in the CH dynamics, shown in
Fig. 2b, represent a frequency dependent entrainment of the spontaneous
fluctuations. These dynamics can lead to significant divergence between the
two models, such as the skipped beats in Fig 2c. Although similar
dynamics could result from HH plus noise, the spectral density, the
magnitude, and the origin of the added noise have no primary interpreta-
tion. In the CH approach, the noise has an inherent physical meaning.

The nonlinear channel properties can produce a variety of dynamic
patterns. If we start with only Na channels and add a relatively small
number of K channels, the system rests at a constant V as in Fig. 1. If V
is hyperpolarized sufficiently, the time-dependent properties of the channels
are such that an action potential is triggered. Hyperpolarization results
from adding a leak current, applying a hyperpolarizing stimulus current as
in Fig. 2¢, or adding more K channels as in Fig. 3c. With the HH model,
the dynamics shift suddenly, as K is varied, from constant to beating. For
parameters in the region in which the HH dynamics changes from constant
to beating, the CH model tends to waver between the two. As in Fig. 3b,
the CH model may beat irregularly when the HH model is constant. If K
were to increase even more, e.g, Na:K::1:2, ¥V would hyperpolarize past
the range that allows beating, and ¥ would remain constant, close to Ey.

Many types of cells either beat intrinsically, or they will beat under
certain conditions. These cells may interact with other inherent oscillators.
Stimulating a beating membrane with a sinusoidal stimulus models this
interaction. Differential equations exhibit diverse patterns of oscillation as
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we vary the stimulating frequency (Figs. 4 and 6a). With the CH model, as
(Fig. 5 and Fig. 6a), distinct states do not appear evident. However,
increasing the number of channels causes the CH model to approach the
same attractors as appear in the HH model (Fig. 6b and 6¢). We call these
solutions chaotic, not in the strict sense of positive Liapunov exponents,
but rather in the vernacular sense. These attractors arise without benefit of
the differential equation.

This result suggests that the chaotic solutions of macroscopic equa-
tions are epiphenomena. Macroscopic, nonlinear differential equations
actually represent a large population of individual events. HH equations
have no predictive value about single-channel kinetics beyond how they
will behave on average. The mean open time of an individual channel
equates with the macroscopic relaxation of an ensemble of channels; thus,
B(V) that appears in the CH simulation is the same S(¥) that appears in
the HH equations. The CH model has individual and population behavior,
whereas the HH model includes only population information. The HH
model is only capable of deterministic solutions; even irregular, chaotic
solutions represent the average behavior of large populations.

We began with the random properties of individual channels and
obtained the chaotic behavior of populations of channels. We showed
similar kinetics from a global model. Are these kinetics inherent to both
models, or are cells fundamentally stochastic or chaotic? Both models are
an approximation. For example, Na and K channels are coupled by a
shared voltage. This is an oversimplification. Not only do other kinds of
channels exist, but channels depend on factors besides membrane voltage.
For example, Ca channels may be coupled by shared Ca.'>? The Markov
representation is also an oversimplification. Channel models based on the
chaotic properties of intramolecular states have been proposed.®®?” Noise
of the type observed in membranes could be obtained with deterministic
models as well as stochastic models. Certainly, interbeat interval fluctua-
tions® and other fluctuations in action potential kinetics and action poten-
tial amplitudes can derive from deterministic models.*?*2!:2%) The
Liebovitch suggestion requires that individual channels obey deterministic
equations. We would maintain that, even if the internal gates or external
coupling contribute a deterministic component to open-close kinetics, the
underlying process remains stochastic. We conclude that bistable, random
events generate virtually all macroscopic electrical properties of cells, not
only resting potentials, action potentials, spontaneous firing, but also
chaos.
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